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. - , pairing ,
, P ( ) [3]. 3 [2, 4, 5], 2 $[2, 5]$ ,




, $O$ , $”+$ ” .
$\mathrm{y}^{2}=x^{3}+ax+b$ ( $D\neq 0$)($\mathrm{W}\mathrm{e}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{t}\mathrm{r}\epsilon \mathrm{s}\mathrm{s}$ ),
2 $\}$











, $P_{2}=(x_{2}, y_{2})$ , $P_{1}+P_{2}$
$(x\epsilon,y\mathrm{a})$ . 1 ,
, x
$1=P_{2}$ . Pl $P_{1}$






$\frac{3x_{1}^{2}+a}{2y_{1}}$ $(x_{1}=x_{2}, \mathrm{y}_{1}+y_{2}\neq 0)$
$q=p^{m}$ ($p$ , $m$ ), $E$ $\mathrm{F}_{q}$ , $E(\mathrm{F}_{q})$ $E$ $\mathrm{F}_{q}$
$O$ , E $\ell P=\mathrm{O}$ $P\in E(\mathrm{F}_{q})$ $E(\mathrm{F}_{q})$ , $K$
$E[\ell](\bm{\mathrm{F}}_{q})\subset E(\mathrm{F}_{q^{\text{ }}})$ . $q$ , $E(\mathrm{F}_{q})$
.
$P$, Q\in E $(F_{q})$ . nte pairing $e_{P}(, )$ , .
$e_{\ell}(, )$ : $E[\eta(\mathrm{F}_{q})\mathrm{x}E[\ell](\mathrm{F}_{q^{k}})arrow\{\zeta_{\ell}\}(\subset \mathrm{F}_{q^{h}}^{\mathrm{r}}),$ $e_{\ell}(P, \phi(Q))=f_{P}(\phi(Q))^{\langle q^{k}-1)/\ell}$
, $f_{P}$ $(f_{P})=\ell(P)-\ell(O)$ , $\phi(Q)$ $(f_{P})$ disjoint
$(Q)-(\mathcal{O}\rangle$ ul ent zero divisor , $Q$ distorsion map $\phi$ .
$\{a\}$ $\mathrm{F}_{q^{k}}^{*}$ 1 $\ell$ .
Tate pairing . 3 . bilinearity . .. bilinearity: $P,P_{1}$ , P2\in E[ $(\mathrm{F}_{q}),$ $Q,$ $Q_{1},$ $Q_{2}\in E[\ell](\mathrm{F}_{q^{k}})$ ,
$e\ell(P_{1}+P_{2},Q)=e\ell(P_{1},Q)e\ell(P_{2},Q)$ $e\ell(P,Q_{1}+Q_{2})=e\ell(P,Q_{1})e\ell(P, Q_{2})$.
, a\epsilon Z , $e\ell$ ($aP$, Q)=e\ell (P,aQ)=e\ell (P,Q)a .
$\bullet$ non-degeneracy: $Q\in E[\ell](\mathrm{F}_{q^{k}})$ $\text{ }e\ell(P, Q)=1$ , $P=O$.
, P\neq O , e\ell (P, Q)\neq l Q\epsilon E[ (Fs) .. compatibility: $\ell=M’$ . $P\in E(\mathrm{F}_{q})[\ell],$ $Q\in E(\mathrm{F}_{q^{k}})[\ell’]$ $e_{\ell’}(hP, Q)=e\ell(P, Q)^{h}$ .
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3
, 1024-bit RSA ,
. , supersingular , , 2 4 ,
3 6 , $P$ 2 ( ),
. 3 , 2 $m_{1}$ , 3 $m_{2}$
. , $P$ pairing , $\mathrm{P}$ ,
2 1 . $m_{1}$ $m_{2}$ . ,
complexity $\mathrm{L}_{p^{M}}[a, c]:=\mathrm{E}\mathrm{x}\mathrm{p}[(c+\mathrm{o}(1)){\rm Log}[p^{M}]^{\sigma}{\rm Log}[{\rm Log}[p^{M}]]^{1-a}]$ . a ,
( $P$ ), ( 2 3) 1/3
$[26, 19]$ . , $c$ , $P$ $(64/9)^{1/3}=$. 1.923, 2 3
$(32/9)^{1/3}=$. 1.526 $[15, 24]$ . 2 , $[16, 17]$ , $c$ 1526
1351 , . 1351 ,
. AppendixA . ,
$\mathrm{L}_{2^{4n_{1}}}[1/3,1.526]=.\mathrm{L}_{3^{6m_{2}}}[1/3,1.526]=.\mathrm{L}_{2^{1024}}[1/3,1.923]$
, $P$ 1024-bit RSA , 2 3
, ml m2 , , bit
, . 0(1) . $0$ .
, P 1024-bit complexity $\mathrm{L}_{2^{1024}}[1/3,1.923]=1.31587$ $\mathrm{x}10^{26}$ .
2 , $\mathrm{L}_{2^{m_{1}}}\cdot[1/3,1.526]$ , $m_{1}=437$ 125566 $\mathrm{x}10^{26}$ , $m_{1}=438$ 1.33159 $\mathrm{x}10^{26}$
438 , $m_{1}=439$ ( 141199 $\mathrm{x}10^{\mathit{2}6}$ ) .
, $4\mathrm{x}439=1756$-bit . , 3 ? L36m2[1/3,1.526]
, $m_{2}=184$ 128926 $\mathrm{x}10^{26}$ . $m_{2}=185$ 148206 $\mathrm{x}10^{26}$ , 185
, $m_{2}=191$ ( 338793 $\mathrm{x}10^{\mathit{2}6}$) . ,
36xl9l=2g x=181637 , 1817-bit .
1: : (supersingtar )
,
, short signature , 2
, , 3 .
4 $GF(3^{m})$ pairing
$GF(3^{m})$ 3 , P=(x, , $\mathit{3}P=3(x,y)=((x^{S})^{3}-1, -(y^{3})^{3})$
. , GF(3m) 3 , 3
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. , 3 , . , 3
Supersingular 6 , .
, short signature .
$GF(3^{m})$ Tate pairing . , $\mathrm{F}_{S}$ supersingular
$E/\mathrm{F}_{3^{n}}$ : $y^{2}=x^{3}-x+1$ . $P,$ $Q\in E[\ell](\mathrm{F}_{3^{m}})$ * Tate pairing $e_{\ell}( , )$ , $\mathrm{g}\mathrm{c}\mathrm{d}(\ell, 3)=$
$1,$ $\ell|(3^{6m}-1)$ .
$e_{\ell}(, )$ : $E[\ell](\mathrm{F}_{3^{m}}\rangle \mathrm{x}E[\ell](\mathrm{F}_{36m})arrow\{\zeta_{\ell}\}(\subset \mathrm{F}_{36m}^{l} )$ , $e\ell(P, \phi(Q))=f_{P}(\phi(Q))^{3^{Sn}-1}$
, 2 6 , $Q=(x,y)\in E[\eta(F_{3^{m}})$ , $\phi(x,y)=(\rho-x,\sigma y)$ , where
$\sigma^{\mathit{2}}+1=0,$ $\rho^{3}-\rho-1=0$ ( $\mathrm{F}_{3}(\sigma)=\mathrm{F}_{32},$ $\mathrm{F}_{3}(\rho)=\mathrm{F}_{\mathrm{s}^{\mathrm{s}}}$) distorsion map $\phi$ (nontrivial
automorphism) . $\{\zeta\ell\}$ $\mathrm{F}_{3m}^{\mathrm{r}_{6}}$ 1 $\ell$ . $3^{3m}-1$
.
3 pairing , $y^{2}=x^{p}-x+1$ Duur\S ma $\cdot$Lee
[4] $p=3$ . $\mathrm{F}_{3^{m}}$ 3
, , [1] 3 .
, 2 Tate pairing Kwon [5] ,
3 , 3 .
, $E(\mathrm{F}_{3^{m}})$ : $y^{\mathit{2}}=x^{3}-x\pm 1$ $\# E(\mathrm{F}_{q})=3^{m}\pm 3^{(m+1)/\mathit{2}}+1$ .
$3^{m}$ , $\eta r$ pairing [2] 3
, $\mp \mathit{3}^{(m+1)/2}+1$ , . . $r\pi$ p i ,
degenerate divisor , .
1 (Duursma-Lee [4]) -J’ 2 (Kwon [5])
INPUT : $P=(\alpha,\beta),$ $Q=(x,y)$ INPUT : $P=(\alpha,\beta),$ $Q=(x,y)$
OUTPUT : $C=f_{P}(\phi(Q))$ OUTPUT : $C=f_{P}(\phi(Q))$
$Carrow 1$ $Carrow 1$
for ($i=1$ to $m_{j}i++$) $xarrow x^{3},$ $yarrow y^{\theta},$ $darrow mb$
$\alphaarrow\alpha^{3},$ $\betaarrow\beta^{3}$ for ($i=1$ to $m_{j}i++$)
$\mu=\alpha+x+b,$ $\lambda=-\sigma\beta y-\mu^{2}$ $\alphaarrow\alpha^{9},$ $\betaarrow\beta^{9}$
$Carrow C\cdot(\lambda-\mu\rho-\rho^{2})$ $\mu=\alpha+x+b,$ $\lambda=\sigma\beta y-\mu^{2}$
$xarrow x^{1/3},$ $yarrow y^{1/3}$ $Carrow C^{3}\cdot(\lambda-\mu\rho-\rho^{2})$
end for $yarrow-y,$ $darrow d-b$
end for
$3^{8m}$ –1 , Tate Pairing .
F3 , $m$ reduction trinomial .
[11] . $m=79$ , $x^{79}+x^{\mathit{2}1}-1$ ,
$\mathrm{F}_{S}$ , , [12] trinomial $x^{\mathit{7}9}\pm x^{26}\mp 1$
. $m=97$ $x^{97}+x^{12}-1$ . $m=163$ $x^{163}+x^{80}-1$ . $m=167$ $x^{167}+x^{97}-1$
, $\mathrm{F}_{3}$ , , [12] $x^{167}-x^{71}-1$ .
$m=173$ $x^{173}+x^{166}-1$ , 2 [12]
$x^{173}-x^{\mathit{7}}-1$ . $m=239$ $x^{239}+x^{24}-1$ , 2
$x^{\mathit{2}39}-x^{6}-1$ . , trinomial
, . ,
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, m reduction trinomial , ,
reduction trinomial .
5
3 palrhlg , $GF(3^{m})$
.
$\bullet$ $\mathrm{L}\mathrm{i}\mathrm{D}\mathrm{I}\mathrm{A}[7]$ . , $\mathrm{L}\mathrm{i}\mathrm{D}\mathrm{I}\mathrm{A}$ ,
Kwon . 3 . NEC .
$\bullet$ Paulo Barreto - MIRACL[8] . ,
, “ $\mathrm{N}\mathrm{E}\mathrm{C}+\mathrm{L}\mathrm{i}\mathrm{D}\mathrm{I}\mathrm{A}$” $\mathrm{I}/\mathrm{F}$ .. David Reis Jr. [9]
2:
6
2,3,p , 3 . 2
, 3
, short signature 3 , , 3
. , 2 , ,
, . , [14]
.
, , ,
, $\mathrm{N}\mathrm{E}\mathrm{C}$ , , – ,
.
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A (2002 ) CRYPTREC Report 2002,
2.4.2.2 [13]
(2002 ) CRYPTREC Report 2002 [22] 2.4.2. ,
,
. , 2422 , $q$ ,
$L_{q}[a, b]=e^{b(\log q)(1\circ \mathrm{g}\log q)^{1-a}}$
‘ , , 2 Coppersmith
[17] $L_{q}[1/3, c+o(1)],$ $c\approx 1.4$ , $\mathrm{F}_{2607}$ 183 $[20, 21]$
. , c (32/9)1/3(=1526...) .
, [20] 1 c\approx l4 . ,
[20] . , [20] $e^{(\mathrm{c}+o(1\rangle)n^{1/*}\log^{2/\mathrm{s}_{n}}}$ ( $n$ ,
$q=2^{n}$ ) , $e^{(\mathrm{c}+0(1)\rangle(\log q)^{1/\mathrm{s}_{(\log\log q)^{2/\theta}}}}$ . ,
2 , logq=n – .
2 e ( logq\neq n ) , Coppersmith
[1\eta . , [17]IX TableI , c
, ( 14 ) best case 1351 .
, Lq[a, $b$] $=e^{b(\log q)^{a}(\log\log q)^{1-\iota}}\text{ }L_{2^{\mathfrak{n}}}[1/3,c+o(1)]\text{ }c\text{ }$
$(32/9)^{1/s}(=1.526\cdots)$ , $e^{(c+o(1))n^{1/\}\log^{2/\theta_{\hslash}}}$ $c$ 14( 1.351 $\cdots$ ) .
: $L_{q}[a, b]=e^{b(1\text{ }q)^{\iota}(\log\log q)^{1-a}}$ $a=1/3,b=c+o(1),$ $c=(32/9)^{1/3}(\approx \mathrm{L}526)$, $q=2^{m}$
, $e^{(\tilde{\mathrm{c}}+o(1))n^{1/S}\log^{2/*}n},\overline{c}=1.\mathit{3}51$ .
$L_{2^{\mathrm{n}}}[1/3, (32/9)^{1/3}+o(1)]$ $=$ $e^{((82/9)^{1/\mathrm{s}_{+o(1))(\log 2^{n})^{1/\mathrm{a}_{(\log\log 2^{n})^{2/s}}}}}}$
$=$
$e^{((32/9)^{1/\mathrm{s}}+o(1))n^{1/\}(\log 2)^{1/S}(\log n+\mathrm{l}\mathrm{o}\mathrm{g}1\circ\epsilon 2)^{2/\theta}}$
$=$
$e^{((32/9)^{1/\epsilon_{(\log 2)^{1/\mathrm{s}_{+o(1)(\log 2)^{1/\mathrm{a}})n^{1/\epsilon_{(\log n+\log\log 2)^{2/3}}}}}}}}$
$\approx$
$e^{(1.381+o(1))n^{1/\epsilon_{(1\mathrm{o}gn)^{2/\}}}}$
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